CLIQUE-CONVERGENCE IS UNDECIDABLE
FOR AUTOMATIC GRAPHS

Abstract. The clique operator transforms a graph G into its clique graph
K(G), which is the intersection graph of all the (maximal) cliques of G. Iterated clique graphs are then defined by: K n (G) = K(K n−1 (G)), K 0 (G) = G.
If there are some n ≠ m such that K n (G) ≅ K m (G) then we say that G is
clique-convergent. The clique graph operator and iterated clique graphs have
been studied extensively, but no characterization for clique-convergence has
been found so far.
Automatic graphs are (not necessarily finite) graphs whose vertices and
edges can be recognized by finite automata. Automatic graphs (and automatic structures) have strong decidability properties inherited from the finite
automata defining them.
Here we prove that clique-convergence is algorithmically undecidable for the
class of automatic graphs. Moreover, the problem remains undecidable, if we
reduce to the class that contain only quasi clique-Helly and bounded degree
graphs. As a consequence, it follows that clique-convergence for automatic
graphs is not first-order expressible.

1. Introduction
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Let G be the class of all graphs. In graph dynamics [19], we have a graph operator
Φ ∶ G → G and we are interested in the properties of the resulting discrete dynamic
system. This setting is useful in certain approaches to loop quantum gravity [20–22]
where the quantum spacetime foam is to be obtained as an emergent property from
the (hypothetical) underlying discrete spacetime.
Given a graph operator Φ, we can define the corresponding iterated operators
by Φ0 (G) = G and Φn (G) = Φ(Φn−1 (G)). One of the central topics of study in
graph dynamics is that of Φ-convergence: A graph G is said to be Φ-convergent,
if Φn (G) ≅ Φm (G), for some n < m; otherwise, G is Φ-divergent. Φ-convergence
have been fully characterized for many graphs operators, ranging from the classic
characterization of convergence for iterated line graphs and iterated path graphs
[18] to the more recent characterization for iterated biclique graphs [7].
The clique operator K, however, is widely considered one of the most complex
ones [19] and a characterization of K-convergence (or clique-convergence) has resisted all attempts during the 48 years since the notion of iterated clique graphs was
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introduced in [8]. No substantial progress has been made either on showing that
clique-convergence might be algorithmically undecidable. The algorithmic undecidability of clique-convergence has been suggested in several places starting in [17],
including [19]; the first explicit statement on the issue appeared in [15] and the first
explicit statement in a formal publication appeared in [13]. The main objective of
this research program is to prove that the problem of deciding clique-convergence
is undecidable for the class of finite simple graphs, i.e. that there is no algorithm
for deciding clique-convergence. This problem, however, still remains open.
Here we present the first undecidability result for clique-convergence by relaxing
the condition that the class under study is only the class of finite simple graphs.
Infinite graphs have been considered within clique graph theory in several papers
including [4, 14]. Here we wanted to relax the finiteness condition as little as possible and hence we considered only (possibly infinite but) finitely presentable, quasi
clique-Helly, locally finite graphs of bounded degree and with at most one dominated vertex. Indeed, striving for the most stringent conditions, we decided to
consider only automatic graphs which are graphs whose vertices and edges can be
recognized by deterministic finite automata (the formal definitions are in the next
section). Automata are among the simplest models of computation, so automatic
graphs have not only algorithms for determining vertices and edges, but also these
algorithms are of the most simple form. Automatic graphs and automatic structures
[1, 2, 11, 12, 23] have very strong decidability properties inherited from automata
theory. Indeed, the first-order theory of any automatic structure is decidable (see
Theorem 2.3), but also first-order theories expanded with certain generalized quantifiers are still decidable [23] and even some fragments of second-order theories are
decidable [12]. Moreover clique-Helly graphs without dominated vertices are all
known to be clique-convergent even in the infinite case (see Theorem 2.7) hence
our undecidability result for quasi clique-Helly graphs (which become clique-Helly
after removing only one vertex) with at most one dominated vertex is somewhat
unexpected.
Let AG be the class of automatic graphs, T M the class of Turing machines and
let T MW be the class of ordered pairs (M, w), where w is an input string for
M ∈ T M. We shall prove the following result:
Theorem 1.1. Clique-convergence is algorithmically undecidable for the class of
automatic graphs. Moreover, the problem remains undecidable, if we reduce to the
class that contains only quasi clique-Helly and bounded degree graphs with at most
one dominated vertex.
The proof is obtained by reduction from the halting problem (well known to be
undecidable), indeed the previous theorem follows immediately from the next one:
Theorem 1.2. There is a computable function λ ∶ T MW → AG such that for each
(M, w) ∈ T MW, M halts on input w if and only if λ(M, w) is clique-convergent.
Hence, clique-convergence is undecidable for any class containing AG 0 ∶= λ(T MW).
Furthermore, λ can be chosen such that the graphs in AG 0 are quasi clique-Helly,
of bounded degree and with at most one dominated vertex.
Section 4 is devoted to the proof of Theorem 1.2. We considered it pertinent to
present an informal overview of the proof in Section 3. All preliminary results,
definitions and terminology are in Section 2. In Section 5, we explore several
consequences of Theorem 1.2.
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2. Preliminaries
This paper is mostly self-contained but it always helps to have some previous
experience with the topics at hand: language theory (automata and Turing machines), undecidability, automatic presentations of structures, clique graph theory
and algorithms. Most crucially, we will not explain why some constructions are
effective (i.e. that the construction can be realized algorithmically) since this is
usually obvious for those who have a previous background on algorithms, but it
would require an enormous amount of space to explain this for those who do not.
We refer the reader to the literature for standard terminology and results on
language theory and undecidability [9], automatic presentations of structures [23],
graph theory [3] and clique graph theory [24]. For the reader’s convenience, we
overview here the required terminology and results.
2.1. Language theory. An alphabet Σ is a finite set of symbols. A string w over
Σ is a finite sequence of symbols of Σ. The length of a string w is denoted by ∣w∣.
The empty string is the only string of length 0 and it is denoted by ε. We represent
the concatenation of two strings by simple juxtaposition vw. Note that, for every
string w, we have εw = wε = w. The set of all strings over Σ is denoted by Σ∗ . A
language L over Σ is any subset L ⊆ Σ∗ . We shall use the special symbol ◇ ∉ Σ
as right-padding for strings. The extended alphabet Σ ∪ {◇} is denoted by Σ◇ . If
w is a string over Σ, we denote its i-th symbol (for 1 ≤ i ≤ ∣w∣) by w[i]. We also
define w[i] = ◇ for all i > ∣w∣. For any set A, the Cartesian product of n copies of
A is denoted by An . Given a sequence of strings w = (w1 , w2 , . . . , wn ) over Σ, its
convolution u = ⊗w = ⊗(w1 , w2 , . . . , wn ) is the string of length ∣u∣ = max ∣wi ∣ over the
alphabet (Σ◇ )n whose i-th symbol is u[i] = (w1 [i], w2 [i], . . . , wn [i]). For example
⊗(1010, 01) = (1, 0)(0, 1)(1, ◇)(0, ◇) is a string of length 4 over the alphabet:
(Σ◇ )2 = {(0, 0), (0, 1), (0, ◇), (1, 0), (1, 1), (1, ◇), (◇, 0), (◇, 1), (◇, ◇)}.
Using column vectors instead of tuples, may better convey the underlying idea
of the convolution (and right-padding):
1010
1 0 1 0
⊗(
) = ( )( )( )( ).
01
0 1 ◇ ◇
We shall use column vectors and tuples indistinctly, but we emphasize that the
difference is only notational. Some standard operations on languages are: union
denoted as L1 + L2 , intersection L1 ∩ L2 , complement L = Σ∗ − L, concatenation
L1 ⋅ L2 ∶= {vw ∶ v ∈ L1 , w ∈ L2 }, powers L(0) ∶= {ε}, L(n+1) ∶= L ⋅ L(n) (we use
parenthesis in the exponents to avoid confusion with the Cartesian product powers,
(n)
which we shall use much more often) and Kleene closure L∗ ∶= ∪∞
.
n=0 L
2.2. Automata theory. A deterministic finite automaton (DFA) is a tuple M =
(Q, Σ, δ, q0 , F ) where Q is the finite set of states, Σ is the alphabet, δ ∶ Q × Σ → Q
is the transition function, q0 ∈ Q is the initial state and F ⊆ Q is the set of final
states.
Automata are usually represented by diagrams like those in Figure 1. For instance, in the diagram on the left of Figure 1, Q = {q0 , q1 , q2 , q3 }, Σ = {0, 1} and
the initial state q0 is indicated by an arrow not coming from any other state. The
final states F = {q1 , q2 } are indicated by a double circle in the state. The transition function δ is represented by the arrows in the diagram: we put an arrow from
state q to state p labeled with symbol a ∈ Σ whenever δ(q, a) = p. Let us call this
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Figure 1. Automata MN (left) and M+1 (right).
automaton MN . Then, given a string w, we start at q0 and follow the arrows in the
diagram which are labeled as the symbols in string w, in left-to-right order. Thus
the string 00101 produces the walk q0 → q2 → q3 → q1 → q3 → q1 . Since this last
state q1 ∈ F is a final state, we say that the automaton accepts the string 00101,
otherwise, the string is rejected. The language recognized by an automaton L(M )
is the set of all strings accepted by the automaton. Any language recognized by a
DFA, is said to be a regular language. It is not difficult to verify that N ∶= L(MN )
is exactly the set of all non-empty strings ending in 1 plus the string 0, and hence
N is regular. We shall use the strings in N as big-endian binary representations of
the natural numbers N, in this representation we start by the least significant bit
on the left and end with the most significant bit on the right (so that 011 is the
big-endian binary representation of 6). This big-endian representation is standard
in automata theory but contrary to our everyday usage.
A dead state of an automaton, is a non-final state q such that there is no arrow
leaving that state, that is, such that q ∈/ F and δ(q, a) = q for all a ∈ Σ. It is a
standard convention not to draw the dead state of automata as in the diagram on
the right of Figure 1: There, an extra (implicit) dead state q2 must exist which
is the destination of all arrows not present in the drawing (like δ(q0 , (00)) = q2 and
δ(q1 , (01)) = q2 ).
Whenever ○ is a binary (resp. unary) operation on languages, we say that regular
languages are effectively closed under ○ if whenever L1 and L2 are regular languages
L1 ○L2 (resp. ○(L1 )) is also a regular language and the automaton for L1 ○L2 (resp.
○(L1 )) can be obtained algorithmically from the automata for L1 and L2 . Then we
have:
Theorem 2.1. [9] Any finite language is regular. Regular languages are effectively
closed under: complement, union, intersection, concatenation and Kleene closure.
For auxiliary purposes, we shall also consider N̂, which contains N but also allows
the strings to end in 0, formally N̂ = N + N ⋅ {0} (recall that the union is denoted by
“+” in language theory). It follows by Theorem 2.1, that N̂ is also regular. Note
that each natural number has two representations in N̂ (7 is represented both, as
111 and as 1110). Although N is a set of numbers and N̂ is a set of strings, we shall
treat the elements of N̂ as numbers too, so we can use expressions like “t + a > t + b”
with t ∈ N̂ and a, b ∈ N (for instance).
Regular languages also have very strong decidability properties.
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Theorem 2.2. [9] Given automata M1 and M2 the following decision problems are
algorithmically decidable: Is L(M1 ) empty? Is L(M1 ) finite (infinite)? Is L(M1 )
equal to L(M2 )? Also, given an automaton M we can algorithmically compute the
minimal automaton M ′ such that L(M ) = L(M ′ ).
Moreover, given an automaton M we can effectively find a string w ∈ L(M ) (if
it exists). Also, given M and w, we can effectively find the next (in lexicographic
order) string w′ ∈ L(M ) (if it exists).
2.3. Automatic presentations of structures. A relational structure is a tuple
A = (A, R1 , . . . , Rn ), where A is a set, called its domain, and Ri are relations on A,
of some arity ri ∈ N, that is, Ri ⊆ Ari . When the domain is a set of strings of Σ∗ ,
we can define the convolution of a relation R ⊆ (Σ∗ )r as the set ⊗R = {⊗w ∶ w ∈ R},
that is, ⊗R ⊆ ((Σ◇ )r )∗ is the set of convolutions of the tuples in R. Observe
that ⊗R is a language over alphabet (Σ◇ )r and that it is regular whenever there
is an automaton recognizing it. We will also say that R is an automatic relation
whenever ⊗R is a regular language and that R is recognized by an automaton M if
⊗R = L(M ). We identify elements x of a set R ⊆ A with 1-tuples (x) ∈ R1 , hence
a set R = R1 ⊆ A1 is also a unary relation and then, in this case, ⊗(R) = R. Then
R is a regular language if and only if it is an automatic relation, in particular, we
may use either relational notation or set notation: R(x) ⇔ x ∈ R.
As an example, consider the successor relation R+1 ∶= {(t, t + 1) ∈ N̂2 , ∣t∣ = ∣t + 1∣},
that is, the set of all the pairs of strings (t, t + 1) ∈ N̂2 , where t and t + 1 have the
same length. Recall that the strings in N̂ are big-endian, then all the strings in
⊗R+1 are of the form:
t
11⋯10a1 a2 ⋯as
1 1
1 0 a1 a2
as
⊗(
) = ⊗(
) = ( )( )⋯( )( )( )( )⋯( )
t+1
00⋯01a1 a2 ⋯as
0 0
0 1 a1 a2
as
with ai ∈ {0, 1}. We emphasize that the initial prefix (10)⋯(10) may be empty, and
also the final suffix (aa11 )⋯(aass ) may be empty. But all the strings in ⊗R+1 contain
the symbol (01) at some point.
Automatic relations have very strong decidability and closure properties, which
are inherited from automata theory: Every finite relation is automatic, also automatic relations are closed under projection, instantiation, cylindrification, permutation of coordinates and many others [23]. In particular, automatic relations are
effectively closed under logical constructs:
Theorem 2.3 (Thm. 4.4 in [11]). If R1 , R2 are automatic relations, then the
following are also automatic relations: R1 ∨R2 , R1 ∧R2 , ¬R1 , ∃x(R1 ) and ∀x(R1 ).
Moreover, the automata for these relations can be effectively constructed from the
automata for R1 and R2 .
When R1 is an unary relation, both ∃x(R1 ) and ∀x(R1 ) are 0-ary relations
which, strictly speaking, can not be automatic for technical reasons, but in [11] they
use unary relations (R = A for the true relation and R = ∅ for the false relation)
to represent these 0-ary relations. We also point out that, for any automatic unary
relation R1 an example of a string w satisfying R1 (w) (and thus a certificate for
∃x(R1 )) can be effectively found (if it exists). Moreover, given R1 and w we can
effectively find the next (in lexicographic order) string w′ satisfying R1 (w′ ) (if it
exists). Observe that ⊗R is always a unary relation.
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Note that N̂2 is automatic by Theorem 2.3 since N̂2 (w1 , w2 ) = (w1 ∈ N̂ ∧ w2 ∈ N̂).
Also, R+1 is an automatic relation since ⊗R+1 = L(M+1 ) ∩ ⊗N̂2 is a regular language
(here M+1 is the automaton on the right of Figure 1). Note that (110, 001) ∈ R+1
but (11, 001) ∈/ R+1 , since we defined R+1 to require the strings to be of the same
length.
Given a relational structure A = (A, R1 , . . . , Rn ), let L ⊆ Σ∗ be a language
representing the elements of A. A mapping µ ∶ L → A specifies that an element
a ∈ A is represented by some string w ∈ L, whenever µ(w) = a. Also, the relations
Ri ⊆ Ari will be represented by the corresponding relations µ−1 (Ri ) ⊆ Lri , defined
by µ−1 (Ri ) = {(w1 , w2 , . . . , wri ) ∈ Lri ∶ (µ(w1 ), µ(w2 ), . . . , µ(wri )) ∈ Ri }. Formally,
an automatic presentation of a relational structure A = (A, R1 , . . . , Rn ) is a mapping
µ and a tuple of automata (MA , M1 , . . . , Mn ) such that
(1) µ ∶ L(MA ) → A is bijective.
(2) L(Mi ) = ⊗µ−1 (Ri ) ⊆ ((Σ◇ )ri )∗ .
Usually, µ is not required to be injective and the identity relation in A is included among the relations Ri and hence, as part of the automatic presentation,
an automaton M= is given, which is able to recognize two different representations
w1 , w2 of the same element a ∈ A, that is: L(M= ) = {⊗(w1 , w2 ) ∶ µ(w1 ) = µ(w2 )}.
Here, we opt to use the equivalent approach in which µ is injective and hence M=
is a very simple automaton (L(M= ) = {⊗(w, w) ∶ w ∈ L}) and the elements of A can
be identified with their representations in L = L(MA ).
Automatic presentations, have very strong decidability properties; the following
is a classic result:
Theorem 2.4 (Cor. 4.2 in [11]). The first-order theory of any automatic structure
is algorithmically decidable.
Moreover, the previous theorem has been generalized beyond first-order logic, to
include several generalized quantifiers, including ∃∞ , ∃(k,m) and ∃k−ram [23]: The
first quantifier specifies an infinite number of elements in the domain satisfying
the proposition, while the second quantifier specifies a number of elements that is
congruent with k modulo m; the third, ∃k−ram , is the k-Ramsey quantifier, whose
definition is beyond the scope of this paper. The previous theorem have even been
extended to some fragments of second-order logic called FSO [12].
An automatic graph is a pair of automata G = (MV , ME ), where the alphabet
of MV is Σ and the alphabet of ME is (Σ◇ )2 . The vertices and edges of G are then
given by V (G) = L(MV ) and ⊗E(G) = L(ME ). Note that an automatic graph is
then an automatic presentation of the graph (V (G), E(G)) with µ = 1V (G) , but we
prefer to consider an automatic graph to be a graph on its own right. We denote
by AG the class of all automatic graphs.
2.4. Turing machines. Informally (see Figure 2), a Turing machine is a finite
control with a read/write head, which operates on a one-way infinite tape. The
finite control is, at any given time, in some specific state q among a finite number
of possibilities q ∈ Q. Depending on this state q and the symbol a which is directly
under the read/write head (the symbols on the tape belong to the tape alphabet Γ),
the finite control decides which is the new state p for the finite control, which new
symbol b is to be written at the current head position and whether the read/write
head moves to the left (←) or to the right (→). An one-step Turing transition is
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⋯

Figure 2. Turing machines and transitions.
denoted by the symbol z and it is illustrated in Figure 2, in the case where the
head movement is to the right.
The decisions of the finite control are encoded in a (partial) transition function
δ ∶ Q×Γ → Q×Γ×{←, →}. This function is partial since it is allowed to be undefined
for some elements (q, a) of its domain Q × Γ. A Turing machine always starts at an
initial state q0 , with some input string w written on the leftmost part of its tape
(the rest of the tape is filled with the blank symbol “␣”) and with the read/write
head at the leftmost cell of the tape. Then the Turing machine proceeds as dictated
by δ until either it finds a pair (q, a) where δ is undefined or the read/write head
falls off the left boundary of the tape; when any of these two conditions happens,
the Turing machine halts. The halting problem consist in determining whether a
given Turing machine M eventually halts on a given input string w. It is well known
that the halting problem is algorithmically undecidable.
Formally a Turing machine, is a tuple M = (Q, Σ, Γ, δ, q0 , ␣, F ) where Q is the set
of states, Σ is the input alphabet (the alphabet used to encode the input string w),
Γ is the tape alphabet (the set of all symbols that can appear on the tape, Σ ⊆ Γ),
δ ∶ Q × Γ → Q × Γ × {←, →} is the (partial) transition function, q0 ∈ Q is the initial
state, ␣ ∈ Γ ∖ Σ is the blank symbol and F ⊆ Q is the set of final states.
Figure 2 illustrates two “snapshots” of a Turing machine at two consecutive
moments in time. These “snapshots” are called configurations or instantaneous descriptions of the Turing machine. It is standard practice to represent instantaneous
descriptions by strings s = uqv ∈ Γ∗ QΓ∗ where q is the state of the machine, u is
the content of the tape to the left of the head, and v is the content of the tape
starting at the head and to the right of it (not considering the infinite tail of blank
symbols). For instance, the two configurations in Figure 2 are represented by the
strings 01qa1 and 01bp1 respectively. The transition relation among configurations
is written as s z s′ . That is, we write s z s′ whenever the configuration s transits
in one step to the configuration s′ according to the transition function δ of M . In
our example, we can write 01qa1 z 01bp1 assuming that δ(q, a) = (p, b, →). The
transition relation is automatic:
Theorem 2.5 (Prop. 2.6 in [11], Lemma 5.12 in [2]). For every Turing machine
the configuration-transition relation uqv z u′ q ′ v ′ is automatic.
Here we shall use timestamped configurations d = ts = tuqv ∈ N̂Γ∗ QΓ∗ , thus t is
a binary string representing the elapsed time of a given computation. Hence the
starting timestamped configuration of a Turing machine with the string w on its
tape is 0q0 w. We shall write ts z t′ s′ (or d z d′ ) whenever s z s′ and t′ = t + 1; in
this case, we say that d′ is a successor of d and that d is a predecessor of d′ . Also, for
n
n ≥ 0, we shall write d z d1 whenever d transits to d1 in n steps: d z ⋯ z d1 ; when
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∗

n

the value of n is not relevant, we simply write d z d1 (meaning d z d1 for some
n ≥ 0) in which case we say that d1 is a descendant of d and that d is an ancestor
of d1 . Note that M halts on input w if and only if 0qw z d for some halting
configuration d (that is, there is no configuration d1 satisfying d z d1 ). Without
loss of generality, we assume Q, Γ and {0, 1} to be mutually disjoint sets. This
convention allows unambiguous identification of the several parts of a timestamped
configuration d = tuqv.
Recall that T M denotes the class of all Turing machines and that T MW denotes
the class of pairs (M, w), where w is an input string for M ∈ T M. The class of all
pairs (M, d) where d is a timestamped configuration of M is denoted by T MD.
Observe that, since the transitions in a Turing machine M are specified by the
transition function δ ∶ Q × Γ → Q × Γ × {←, →}, the number of predecessors of a given
configuration d is always finite: ∣{d0 ∶ d0 z d}∣ ≤ ∣Q∣∣Γ∣. Thanks to timestamps, the
number of ancestors of a configuration d is also finite: If t is the timestamp of d,
∗
we have that ∣{d0 ∶ d0 z d}∣ ≤ 1 + ∣Q∣∣Γ∣ + (∣Q∣∣Γ∣)2 + ⋯ + (∣Q∣∣Γ∣)t . On the other hand,
the number of successors is either 0 or 1. In particular for any two descendants
∗
∗
d1 , d2 of d we have either d1 z d2 or d2 z d1 .
2.5. Clique graphs. We identify induced subgraphs with their corresponding vertex sets, in particular we prefer to write x ∈ G instead of x ∈ V (G). The neighborhood of a vertex is denoted by N (x) and the closed neighborhood by N [x] =
N (x) ∪ {x}. We also write NG (x), NG [x] when we want to emphasize the graph
that we are considering. A vertex x is dominated if there is some vertex y ≠ x such
that N [x] ⊆ N [y]. A clique of a graph, is a maximal complete subgraph. Given a
family F of sets, the intersection graph G = Ω(F ) of F is the graph having F as
the vertex set (V (G) = F ) and where two vertices X, Y ∈ F are adjacent-or-equal
(X ≃ Y ) whenever X ∩Y ≠ ∅. In clique graph theory, the adjacency-or-equality relation (≃) is usually more useful than adjacency relation (∼). The clique graph K(G)
of a graph G is the intersection graph of its set of cliques (considered as sets, as per
our convention that identifies induced subgraphs with their corresponding vertex
sets). Iterated clique graphs are defined by K 0 (G) = G and K n+1 (G) = K(K n (G)).
A graph G is clique-convergent if K n (G) ≅ K m (G) for some n < m; it is cliquedivergent otherwise. A graph is a cone if it contains an apex, which is a vertex
adjacent to all other vertices. A graph G is clique-Helly if every collection of pairwise intersecting cliques has a nonempty total intersection; G is quasi clique-Helly
if G − x is clique-Helly for some vertex x ∈ G. Given a triangle T = {x, y, z} of a
graph G, its extended triangle is T̂ = {u ∈ G ∶ ∣N (u) ∩ T ∣ ≥ 2}. Although “apex”
is defined for graphs, we can apply the concept to extended triangles as per our
convention. Given a vertex x ∈ G, its star is x∗ = {q ∈ K(G) ∶ x ∈ q}. Stars may
or may not be cliques of cliques of G (i.e. cliques of K(G) and vertices of K 2 (G))
since they may not be maximal. Cliques of cliques which are not stars are called
neckties. The following lemma has not been explicitly stated in this way before,
but all its statements are well known in the literature.
Lemma 2.6.
(1) N [x] = ∪x∗ .
(2) For q a clique, q ∈ x∗ if and only if q ⊆ N [x].
(3) Let Q be a clique of cliques of a graph G. If x ∈ ∩Q for some x, then Q is
a star Q = x∗ , otherwise, it is a necktie and ∩Q = ∅.
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(4) Given x ∈ G, x∗ is always a complete subgraph of K(G), and hence it is a
clique of K(G) if and only if it is maximal.
(5) Given x∗ , y ∗ ∈ K 2 (G), they are different if and only if N [x] ≠ N [y].
(6) x∗ ⊆ y ∗ if and only if N [x] ⊆ N [y].
(7) Given x ∈ G, x∗ is a clique of cliques if and only if there is no necktie Q of
G containing x∗ and there is no y ∈ G with N [x] ⊊ N [y].
(8) Given x∗ , y ∗ ∈ K 2 (G), we have that x∗ ≃ y ∗ if and only if x ≃ y. Note
however that it may be the case that x ∼ y, x ≠ y and x∗ = y ∗ .
Proof.
(1) y ∈ N [x] if and only if y ∈ q ∈ x∗ for some q.
(2) Clearly q ∈ x∗ implies q ⊆ N [x]. Conversely, q ⊆ N [x] implies x ∈ q since q
is maximal and x is an apex of N [x]. Hence q ⊆ N [x] implies q ∈ x∗ .
(3) If x ∈ ∩Q, then x ∈ q for all q ∈ Q and hence Q ⊆ x∗ , the maximality of Q
gives the equality. The last statement is obvious.
(4) For any q, q ′ ∈ x∗ , we have q ∩ q ′ ⊇ {x} ≠ ∅ and hence q ≃ q ′ in K(G). It
follows that x∗ is (induce) a complete subgraph of K(G). Then x∗ only
needs to be maximal to be a clique of cliques.
(5) Immediate from (2)
(6) By (1), x∗ ⊆ y ∗ implies N [x] = ∪x∗ ⊆ ∪y ∗ = N [y]. Conversely, by (2)
N [x] ⊆ N [y] implies that q ∈ x∗ ⇒ q ⊆ N [x] ⊆ N [y] ⇒ q ∈ y ∗ and hence
x∗ ⊆ y ∗ .
(7) By (4) x∗ is not a clique of cliques, only when it is not maximal. By (3) any
clique of cliques containing x∗ properly, must be either a necktie or a star.
By (5) and (6) x∗ is contained properly by y ∗ if and only if N [x] ⊊ N [y].
(8) x ≃ y if and only if x, y ∈ q for some q if and only if q ∈ x∗ ∩ y ∗ if and only
if x∗ ≃ y ∗ .

We shall need the following two theorems:
Theorem 2.7 ([6, 24]). If a graph G is clique-Helly without dominated vertices,
then G ≅ K 2 (G). Moreover, the isomorphism ∗ ∶ G → K 2 (G) is given by ∗(x) = x∗ .
Theorem 2.8 ([5, 24, 25]). A graph G is clique-Helly if and only if, for every
triangle T of G, its extended triangle, T̂ , is a cone.
Both theorems were originally stated only for finite graphs. But it is straightforward to verify that the standard proofs are valid for the infinite case: Theorem 2.7
is valid for any infinite graph, and Theorem 2.8 is valid for locally finite graphs (i.e.
the degree of every vertex is finite).
3. Overview of the Proof of Theorem 1.2
Let us begin with an informal description of the proof of Theorem 1.2. A detailed
proof is given in the next section.
The key idea is to reduce the halting problem to the clique-convergence problem
by emulating Turing machine transitions with iterated clique graphs. Then we
shall have that whenever the Turing machine halts, the corresponding sequence
G, K 2 (G), K 4 (G), . . . stabilizes (i.e. K 2a (G) ≅ K 2b (G) for some b < a), and vice
versa. This last condition is equivalent to clique-convergence, since, for the family
of graphs that we use in the reduction, K n (G) ≅ K m (G) is only possible when n
and m have the same parity.
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The emulation is obtained by constructing a computable function γ ∶ T MD →
AG such that whenever d z d′ , we have K 2 (γ(M, d)) ≅ γ(M, d′ ) (the λ in Theorem 1.2 will be defined later). That is, γ is constructed to make the following
diagram commute:
T MD

z

γ

AG

T MD
γ

K2

AG

Now, take some Turing machine M , then for any two (M, d1 ), (M, d2 ) ∈ T MD,
γ(M, d1 ) and γ(M, d2 ) do not differ much, indeed we first construct a computable
function γ0 ∶ T M → AG and then, γ(M, d) is obtained from γ0 (M ) by the addition
of at most one vertex (and its adjacencies).
Let us describe γ0 (M ). Take a Turing machine M = (Q, Σ, Γ, δ, q0 , ␣, F ), and take
the set of all timestamped configurations of M : D = {tuqw ∶ t ∈ N; u, v ∈ Γ∗ ; q ∈ Q}.
Then z is an asymmetric binary relation on D and hence we can consider D to be a
digraph with the adjacency relation given by z. We construct γ0 (M ) by producing,
for each d ∈ D, six vertices and seven edges as in Figure 3(a), in particular, the six
vertices produced are labeled as 1d, 2d, . . . , 6d. Note that these labels are strings
over the alphabet {0, 1, . . . , 6} ∪ Q ∪ Γ. Also, for each arrow d z d′ of D, we add 6
additional edges to γ0 (M ) as in Figure 3(b). Note that γ0 maps a Turing machine
M (which is a finite tuple) to an automatic presentation of a graph γ0 (M ) (which is
a pair of finite automata), both of which are finite objects regardless of the infinity
of D or the infinity of the graphs represented by γ0 (M ). When the full definitions
of γ0 , γ and λ are presented and the related theorems considered, it will be clear
that all these functions are algorithmically computable.
In Figure 3(d) we depict all the types of cliques of γ0 (M ): 5 (red) edges for each
d and for each d z d′ , two blue triangles and one clique on 4 vertices.
As an example, the fragment of the digraph D depicted in Figure 3(c)(left)
produces the fragment of γ0 (M ) shown in Figure 3(c)(right); there, for clarity, the
vertices of the form 4d, 5d and 6d are omitted from the drawing.
In what follows, we shall omit vertices of the form 4d, 5d and 6d from drawings.
The role of these vertices is crucial but minor: they are present to prevent the
existence of dominated vertices (so we can use Theorem 2.7) and also to prevent
undesired isomorphisms, (see the proof of Lemma 4.16).
Hence, paths in D like d z d′ z d′′ z ⋯ z d‵′ produce strips in γ0 (M ), like
that in Figure 5. It is known since Escalante [6] that these kind of strips are K 2 invariant, and that certain local perturbations on these strips, like the red vertex in
Figure 4(a), are traveling perturbations, in the sense that the second clique graph
of the graph in Figure 4(a) is isomorphic to the graph in Figure 4(b). Our strips
are more complicated than those of Escalante since Escalante’s were only circular
strips, but we can have a lot of branching, and our strips may also have loose ends
(for instance, when the path in D ends at d‵′ , i.e. when d‵′ is a halting configuration
of M ), in this last case, the traveling perturbation simply disappears at the end of
the corresponding strip. All of this requires a new detailed analysis of the clique
graph transformation which we will do in Lemma 4.14.
We use the properties mentioned above to simulate Turing machine transitions:
Just define γ(M, d) as the graph obtained from γ0 (M ) by the addition of the (red)
vertex 0d (and its edges) as in Figure 4(a). Thus the desired property is obtained:
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K 2 (γ(M, d)) ≅ γ(M, d′ ). We shall prove that γ(M, d) is clique-convergent if and
only if M reaches a halting configuration when it starts from configuration d (see
the proof of Lemma 4.18). The computability of γ is inherited from γ0 , since the
automata describing γ0 can be easily (and algorithmically) amended to obtain the
automata for γ.
The final step is to define λ ∶ T MW → AG by λ(M, w) = γ(M, 0q0 w) and the
result follows. The next section contains a detailed proof of Theorem 1.2.
4. Proof of Theorem 1.2
Take a Turing machine M = (Q, Σ, Γ, δ, q0 , ␣, F ). We define V = {1, 2, 3, 4, 5, 6}⋅N⋅
Γ∗ ⋅Q⋅Γ∗ . We shall use V as the set of vertices of the automatic graph γ0 (M ). Thus,
a vertex xd = xts = xtuqv ∈ V is the concatenation of a label x ∈ {1, 2, . . . , 6} and a
timestamped configuration d ∈ D. We also define V̂ = {1, 2, 3, 4, 5, 6} ⋅ N̂ ⋅ Γ∗ ⋅ Q ⋅ Γ∗ .
Thanks to Theorem 2.1, both V and V̂ are regular languages (and automatic unary
relations). The only difference between V and V̂ is that the timestamps t ∈ N̂
occurring in xts ∈ V̂ may have an additional 0 at the end of the timestamp. When
this additional 0 is present, some misalignment of the rest of the information occurs
among equivalent timestamped configurations:
⊗(

611abqabc
6 1 1 a b q a b c ◇
) = ( )( )( )( )( )( )( )( )( )( ).
6110abqabc
6 1 1 0 a b q a b c

The automaton recognizing this is perhaps the trickiest of all the automata considered here and hence we present it explicitly:
Lemma 4.1. The relation T0 = {(xt1 s, xt2 s) ∈ V̂ 2 ∶ t2 = t1 0} is effectively automatic.
Proof. Let us consider first the relation:
T0′ = {(uv, u0v) ∶ u ∈ {0, 1, . . . , 6}∗ , v ∈ (Γ ∪ Q)∗ }.
This relation is recognized by the automaton M ′ = (Q′ , Σ′ , δ ′ , q0′ , F ′ ), where
Q = {q0′ , q1′ , q2′ } ∪ Γ ∪ Q, Σ′ = {0, 1, . . . , 6} ∪ Γ ∪ Q, q0′ = q0′ , F = {q1′ }, and the
transition function δ ′ is given by the following rules:
(1) δ ′ (q0′ , (aa)) = q0′ for a ∈ {0, 1, . . . , 6}.
(2) δ ′ (q0′ , (0b)) = b for b ∈ Γ ∪ Q.
′

′

(3) δ ′ (b, (bb )) = b′ for b, b′ ∈ Γ ∪ Q.
(4) δ ′ (b, (◇b )) = q1′ for b ∈ Γ ∪ Q.
(5) δ ′ (∗, ∗) = q2′ otherwise.
Indeed, note that q2′ is the dead state and that everything not conforming to
our pattern goes there (rule 5) and is rejected. The state q0′ consumes input until
the extra 0 is found (rule 1), when the extra 0 is found, it comes as (0b) for some
b ∈ Γ ∪ Q, at this point the automaton transits to the state b (rule 2). Here, it is
crucial that 0 ∈/ Γ ∪ Q and b ∈/ {0, 1, . . . , 6} (according to our assumption), so that
there is no confusion on whether to use rule 1, rule 2 or rule 5. This state b has
the purpose of remembering the unmatched “b” that came with the extra 0. Hence,
′
when reading the next symbol (bb ) it checks that the bottom part is indeed a b
(otherwise the automaton transits to the dead state q2′ ) and then it transits to the
new state b′ (rule 3), waiting to match this b′ with the bottom part of the next
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3d
2d
d

1d

γ0

6d
5d
4d
(a)

(d)

3d′

3d
2d
γ0

d′

d

2d′

6d

1d

6d′
1d

′

5d′

5d
4d′

4d
(b)

3d¯

3d¯0
2d¯0

2d¯

1d¯0
d¯0

d¯

1d¯
3d0

γ0

3d

3d′

2d

2d0

2d′′

2d′
d0

d

d

′

d

3d′′

′′

1d0

1d

1d′

1d′′

(c)

Figure 3. The construction of γ0 (M ). Vertices of the form 4d,
5d and 6d are omitted in (c).

symbol. The automaton keeps using rule 3 until the end of input is found (rule 4)
and then it enters the final state q1′ and accepts.
Recall that V̂ is both a regular language and an automatic unary relation, so
that “u ∈ V̂ ” (viewing V̂ as a set) is the same as “ V̂ (u)” (viewing V̂ as an unary
relation). Now the required relation T0 (u, v) = T0′ (u, v) ∧ u ∈ V̂ ∧ v ∈ V̂ is automatic
by Theorem 2.3. It should be clear that all these constructions can be performed
algorithmically from the original Turing machine M = (Q, Σ, Γ, δ, q0 , ␣, F ).
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Definition 4.2. We now define γ0 ∶ T M → AG (see Figure 3): The set of vertices
of γ0 (M ) is V (γ0 (M )) = V = {1, 2, 3, 4, 5, 6}⋅N⋅Γ∗ ⋅Q⋅Γ∗ . Two such vertices xd, x1 d1
are adjacent in γ0 (M ) if and only if any of the following conditions holds:
(1) d = d1 and {x, x1 } ∈ {{1, 2}, {1, 4}, {2, 3}, {2, 5}, {3, 6}, {4, 5}, {5, 6}}
(2) d z d1 and (x, x1 ) ∈ {(1, 1), (2, 1), (2, 2), (3, 1), (3, 2), (3, 3)}
(3) d1 z d and (x1 , x) ∈ {(1, 1), (2, 1), (2, 2), (3, 1), (3, 2), (3, 3)}
By Theorem 2.1, the set of vertices of γ0 (M ) is automatic. We show now that
the set of edges of γ0 (M ) is also automatic:
Lemma 4.3. Given a Turing machine M , γ0 (M ) is an automatic graph.
Proof. We already know that the successor relation R+1 is automatic (when t, t+1 ∈
N̂ have the same length, see subsection 2.3) and that the transition relation s z s′
is automatic for configurations s = uqv, s′ = u′ q ′ v ′ by Theorem 2.5. Hence the
transition relation is also automatic for timestamped configurations d z d′ since
regular languages (i.e. the convolutions of these relations) are effectively closed
under concatenation by Theorem 2.1.
We have defined other automatic relations: V , V̂ , and T0 (Lemma 4.1). Also,
V̂ 2 is an automatic relation by Theorem 2.3 since V̂ 2 (w1 , w2 ) = (w1 ∈ V̂ ∧ w2 ∈ V̂ ).
V̂ 2 can be viewed as a set of pairs or as a relation ((w1 , w2 ) ∈ V̂ 2 ⇔ V̂ 2 (w1 , w2 )). It
should be clear now that all the following relations are automatic (in part because
of Theorems 2.1 and 2.3, and in part because it is easy to give the corresponding
automata):
T= = {(x0 t0 s0 , x1 t1 s1 ) ∈ V̂ 2 ∶ t0 = t1 },
D= = {(x0 d0 , x1 d1 ) ∈ V̂ 2 ∶ d0 = d1 },
Dz = {(x0 t0 s0 , x1 t1 s1 ) ∈ V̂ 2 ∶ t0 s0 z t1 s1 and ∣t∣ = ∣t + 1∣},
⎧
⎧
⎫⎫
⎪
⎪
⎪
⎪ {1, 2}, {1, 4}, {2, 3}, {2, 5}, ⎪
⎪⎪
⎪
E0 = ⎨(x0 d0 , x1 d1 ) ∈ V̂ 2 ∶ {x0 , x1 } ∈ ⎨
⎬⎬ ,
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩
⎩ {3, 6}, {4, 5}, {5, 6}
⎭⎪
⎭
⎫
⎧
⎧
⎫
⎪
⎪ (1, 1), (2, 1), (2, 2), ⎪
⎪⎪
⎪
⎪
⎪
E1 = ⎨(x0 d0 , x1 d1 ) ∈ V̂ 2 ∶ (x0 , x1 ) ∈ ⎨
⎬⎬ ,
⎪
⎪
⎪⎪
⎪
⎪
⎩
⎩ (3, 1), (3, 2), (3, 3) ⎪
⎭⎪
⎭
Ð
→
E = (D= ∧ E0 ) ∨ (Dz ∧ E1 ),
E(w1 , w2 ) = (w1 ∈ V ) ∧ (w2 ∈ V

⎛ (T= (w1 , w1′ ) ∨ T0 (w1 , w1′ ))∧ ⎞
⎟
.
(T= (w2 , w2′ ) ∨ T0 (w2 , w2′ ))∧ ⎟
⎟
Ð
→ ′ ′
Ð
→ ′ ′
⎝ ( E (w1 , w2 ) ∨ E (w2 , w1 )) ⎠

⎜
) ∧ ∃w1′ ∃w2′ ⎜
⎜

This last relation is precisely the adjacency relation in γ0 (M ) and hence the
result follows.

It should be clear that the required automata for γ0 (M ) can be algorithmically
constructed from the given Turing machine:
Remark 4.4. γ0 ∶ T M → AG is a computable function.
Definition 4.5. A timestamped configuration d is non-terminal if there are d′ , d1 ≠
d such that d z d′ and that either d′ z d1 or d1 z d′ . It is terminal otherwise.
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0d
3
2

(a)

1
d0

d

d′

d′′

d′′′

d′‵′

0d′
3
2

(b)

1
d0

d

d′

d′′

d′′′

d′‵′

Figure 4. γ(M, d) and γ(M, d′ ). Vertices of the form 4d, 5d and
6d are omitted from the drawings.
Note that if d is terminal then either d or d′ (when d z d′ ) is a halting timestamped configuration. Also, every halting timestamped configuration d is terminal.
We can now define γ ∶ T MD → AG (see Figure 4(a)): γ(M, d) is almost the same
as γ0 (M ). In fact, we define γ(M, d) ∶= γ0 (M ) whenever d is terminal. Otherwise,
γ(M, d) is obtained from γ0 (M ) by the addition of exactly one vertex (namely 0d)
and its adjacencies:
Definition 4.6. Take (M, d) ∈ T MD. If d is terminal, define γ(M, d) ∶= γ0 (M ).
Otherwise (d is non-terminal), define V (γ(M, d)) ∶= V (γ0 (M ))∪{0d}; in this case,
there is some d′ with d z d′ , the adjacencies in γ(M, d) are the same as in γ0 (M ),
except that the neighbors of 0d are given by (if there is no d′′ with d′ z d′′ , simply
remove 1d′′ from the set):
N (0d) ∶= {xd¯ ∶ x ∈ {2, 3}, d¯ z d′ } ∪ {1d′ , 2d′ , 3d′ , 1d′′ }.
The red squares in Figure 4 are there to remind us that multiple vertices like
those may be present in N (0d) whenever ∣{d¯ ∶ d¯ z d′ }∣ > 1. Note that N (0d) is
exactly the extended triangle of {3d, 1d′ , 2d′ } in γ0 (M ) (the left blue triangle in
Figure 4(a)). Also, note that 2d′ is always an apex of this extended triangle in
γ0 (M ). For future reference, we now state the following:
Remark 4.7. If d is terminal, then γ(M, d) = γ0 (M ). If d is non-terminal, then
γ(M, d) is obtained from γ0 (M ), by the addition of exactly one vertex (namely: 0d)
and its edges as in Figure 4(a).
The amendments made to γ0 (M ) to obtain γ(M, d) are finite (one vertex and
a finite number of edges). By Theorem 2.1 and Theorem 2.3 finite relations are
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Figure 5. The types of triangles of γ0 (M ). Vertices of the form
4d, 5d and 6d are omitted from the drawing.
effectively automatic and disjunctions of automatic relations are also effectively
automatic, hence γ(M, d) is effectively automatic and we have:
Remark 4.8. γ ∶ T MD → AG is a computable function.
Note that, when present, 0d is always dominated by 2d′ (for d′ satisfying d z d′ )
but no other vertex of γ(M, d) is dominated as we shall see in the next lemma.
Recall that the star morphism ∗ ∶ G → K 2 (G) is given by ∗(x) ∶= x∗ .
Lemma 4.9. γ0 (M ) is clique-Helly without dominated vertices. In particular we
have that the star morphism ∗ ∶ γ0 (M ) → K 2 (γ0 (M )) is an isomorphism and that,
for all n ≥ 0, K 2n (γ0 (M )) ≅ γ0 (M ).
Proof. By Theorems 2.7 and 2.8, it is sufficient to show that in γ0 (M ) every extended triangle has an apex and that there are no dominated vertices.
By construction (see Figure 3), every triangle of γ0 (M ), is contained in a set of
the form {xd1 ∶ x ∈ {1, 2, 3} and d1 ∈ {d, d′ }} for some d, d′ with d z d′ . It follows
that all triangles of γ0 (M ) are of one the following forms:
{1d, 2d, 1d′ },

{2d, 3d, 1d′ },

{2d, 3d, 2d′ },

{2d, 1d′ , 2d′ }, {3d, 1d′ , 2d′ }, {3d, 2d′ , 3d′ }.
By direct inspection, we can see that the apices of the corresponding extended
triangles are 2d, 2d, 3d, 1d′ , 2d′ and 2d′ respectively: In Figure 5, for each blue
triangle, the apex of its corresponding extended triangle have been marked with a
circle (some extended triangles share apex). Note that these vertices are apices of
their extended triangles regardless of the multiplicity of predecessors of d and d′
and regardless of the existence of a successor of d′ . Hence by Theorem 2.8, γ0 (M )
is clique-Helly.
There are no dominated vertices in γ0 (M ) since if we had xd1 ≠ yd2 and N [xd1 ] ⊆
N [yd2 ], then N (xd1 ) would be a cone and hence connected. However (thanks to
the vertices of the form 4d, 5d and 6d) every vertex of γ0 (M ) has a disconnected
neighborhood.
It follows by Theorem 2.7 that K 2n (γ0 (M )) ≅ γ0 (M ).

Recall that the number of predecessors of any timestamped configuration is at
most ∣Q∣∣Γ∣ and that the number of successors is at most one. Since γ(M, d) is
obtained from γ0 (M ) by adding (at most) one vertex and a finite number of edges,
we have:
Remark 4.10. γ(M, d) is quasi clique-Helly with at most one dominated vertex
and of bounded degree.
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∗

Lemma 4.11. If d z d1 and d z d2 , with d1 ≠ d2 and d1 non-terminal, then
γ(M, d1 ) ≇ γ(M, d2 ).
Proof. By way of contradiction, assume there is such an isomorphism α ∶ γ(M, d1 ) →
γ(M, d2 ). Since d1 is non-terminal, 0d1 is a vertex of γ(M, d1 ) and it is the only
dominated vertex of γ(M, d1 ). Since dominated vertices go onto dominated vertices
under any isomorphism, it follows that 0d2 must also be a vertex γ(M, d2 ) and that
α(0d1 ) = 0d2 .
Now, take d′1 and d′2 such that d1 z d′1 and d2 z d′2 and observe that the vertex
′
2d1 ∈ γ(M, d1 ) is the only apex of N (0d1 ) and that 2d′2 ∈ γ(M, d2 ) is the only apex
of N (0d2 ); it follows that α(2d′1 ) = 2d′2 .
Also, {2d¯1 ∶ d¯1 z d′1 } is exactly the set of vertices of N (0d1 ) which have degree
3 (in N (0d1 )) and belong to a complete on four vertices (and something analogous
occurs in γ(M, d2 )). It follows that the set {2d¯1 ∶ d¯1 z d′1 } is bijectively mapped
by α onto {2d¯2 ∶ d¯2 z d′2 }. Similarly, whenever d¯1 is an ancestor of d′1 , we must
∗
have α(2d¯1 ) = 2d¯2 for some ancestor d¯2 of d′2 , i.e. that {2d¯1 ∶ d¯1 z d′1 } is bijectively
∗
mapped by α onto {2d¯2 ∶ d¯2 z d′2 }.
∗
∗
Since d z d1 z d′1 , d z d2 z d′2 and d1 ≠ d2 , it follows that d′1 ≠ d′2 and that
∗
∗
either d′2 z d′1 or d′1 z d′2 , assume the latter without loss of generality. It follows
that the (finite) number of ancestors of d′1 is less than the (also finite) number of
ancestors of d′2 . This is a contradiction with the last statement in the previous
paragraph.

It is convenient to recall that all types of cliques of γ0 (M ) are depicted in Figure 3(d). The cliques of γ(M, d) are mostly the same, and the few differences can
be read from Figure 4. The explicit list of all these cliques is given in Table 1.
In the table, the condition “d1 z d2 ” means “∃d1 ∃d2 , d1 z d2 ” , also, just to be
explicit about it, “d1 z
/ d2 ” means “¬(∃d1 ∃d2 , d1 z d2 )”. Lemma 4.12 shows that
Table 1 is correct:
Lemma 4.12. All the cliques of γ0 (M ) are listed in Table 1(top) parameterized
by a generic configuration d. The cliques of γ(M, d) are mostly the same and the
variations are all listed in Table 1(bottom).
Proof. Let us study the cliques of γ0 (M ) first. Consider any generic timestamped
configuration d. By construction, it produces 6 vertices and 7 edges in γ0 (M ) as
shown in Figure 3(a).
Note that the edges e1d ∶= {1d, 4d}, e2d ∶= {2d, 5d}, e3d ∶= {3d, 6d}, e4d ∶= {4d, 5d},
e5d ∶= {5d, 6d} are always cliques. The edges e1d ∶= {1d, 2d}, e2d ∶= {2d, 3d} are
cliques only when d is an isolated configuration, that is, when there is no d0 with
d0 z d and there is no d′ with d z d′ .
Now, assume, d is not an isolated configuration. Then either d0 z d or d z d′
(or both) for some d0 , d′ . Without loss of generality (renaming the configurations
if necessary), we may assume d z d′ . By construction, every clique of γ0 (M )
(except e1d and e2d mentioned above) must be contained in a set of the form
{xd1 ∶ x ∈ {1, 2, . . . , 6}, d1 ∈ {d, d′ }} for some d, d′ with d z d′ . Figure 3(d) shows
the three possible types of cliques which are not edges. We give them a name:
q1d ∶= {1d, 2d, 1d′ }, q2d ∶= {2d, 3d, 1d′ , 2d′ } and q3d ∶= {3d, 2d′ , 3d′ }.
These are all the cliques of γ0 (M ) as indicated in Table 1 (top).
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Now fix some d, and let us consider the cliques of γ(M, d). By definition of
γ(M, d), it is identical to γ0 (M ) when d is terminal. Hence, assume from now on
that d is not terminal.
Since only one vertex, 0d, has been added to γ0 (M ), the cliques of γ(M, d) are
mostly the same as those of γ0 (M ), except around 0d.
Around 0d, we can see the differences in Figure 4(a). Recall that N (0d) = {xd¯ ∶
x ∈ {2, 3}, d¯ z d′ } ∪ {1d′ , 2d′ , 3d′ , 1d′′ } and that the red squares in Figure 4(a) are
there to remind us that there may be other relevant vertices there when there are
configurations d¯ with d ≠ d¯ z d′ .
Assume first that d z d′ z d′′ . Then, we see in Figure 4(a) that three types
of cliques of γ0 (M ) are extended with the addition of 0d, namely: q2d¯ and q3d¯
¯ and also the clique q1d′ , hence
whenever d¯ z d′ (this includes d as one of those d),
the extended cliques are:
¯ 3d,
¯ 1d′ , 0d, 2d′ } ∀d,
¯ d¯ z d′ .
q̂2d¯ ∶= q2d¯ ∪ {0d} = {2d,
¯ 0d, 2d′ , 3d′ }
¯ d¯ z d′ .
q̂3d¯ ∶= q3d¯ ∪ {0d} = {3d,
∀d,
q̂1d′ ∶= q1d′ ∪ {0d} = {1d′ , 0d, 2d′ , 1d′′ }.
Also note that the triangle {2d′ , 3d′ , 1d′′ } is not a clique of γ0 (M ) (since it is
properly contained in q2d′ ), but all of these vertices are adjacent to 0d. Hence we
have that this is a new clique of γ(M, d):
q0d ∶= {0d, 2d′ , 3d′ , 1d′′ }.
We know that d is non-terminal, hence in the case when we do not have d z
d′ z d′′ , it is necessary, by the definition of “non-terminal” that d z d′ and d¯ z d′
for some d′ and d¯ ≠ d (and d′ z
/ d′′ for all d′′ ). In this case, the vertex 1d′′ does
not exist and hence, the above mentioned cliques q̂1d′ and q0d also do not exist,
since when we remove the vertex 1d′′ from these cliques the remaining vertices are
contained in the cliques q̂2d and q̂3d respectively. Therefore in this case, only the
extended cliques q̂2d¯ and q̂3d¯ prevail.
All of this is reported in Table 1(bottom).

Now, we need to characterize the neckties of γ(M, d):
Lemma 4.13. γ(M, d) has exactly one necktie when d z d′ and d′ is non-terminal.
Otherwise γ(M, d) has no neckties. The unique necktie of γ(M, d) is given by
Q0d = {q2d¯′ ∶ d¯′ z d′′ } ∪ {q0d , q3d′ , q1d′′ } when d′ z d′′ z d′′′ , or
Q0d = {q ¯′ ∶ d¯′ z d′′ } ∪ {q0d , q2d′ , q3d′ } when d′ z d′′ z
/ d′′′ and d′ ≠ d̄′ z d′′ .
2d

Proof. The reader could find it convenient to follow the steps of this proof on
Figure 4.
Let Q be a necktie of γ(M, d), that is, Q ∈ K 2 (γ(M, d)) and ∩Q = ∅. Since
γ0 (M ) is clique-Helly it does not have any neckties (by Theorem 2.7), therefore
Q must contain a clique q that contains the vertex 0d: 0d ∈ q ∈ Q. According to
Table 1(bottom), the cliques containing 0d are 0d∗ ⊆ {q̂2d¯, q̂3d¯ ∶ d¯ z d′ } ∪ {q̂1d′ , q0d }.
Note that every clique containing 0d also contains 2d′ , moreover, for every q ∈
K(γ(M, d)) with q ≠ q0d we have (q − {0d}) ∈ K(γ0 (M )). It follows that, whenever
q, q ′ ∈ K(γ(M, d)) with q, q ′ ≠ q0d and q ∩ q ′ ≠ ∅, we have also that (q − {0d}) ∩ (q ′ −
{0d}) ≠ ∅.
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Cliques of γ0 (M ) associated with a generic d

Required conditions

q1d ∶= {1d, 2d, 1d′ }
d z d′

q2d ∶= {2d, 3d, 1d′ , 2d′ }
q3d ∶= {3d, 2d′ , 3d′ }
e1d ∶= {1d, 2d}, e2d ∶= {2d, 3d}.

d0 z
/ dz
/ d′

e1d ∶= {1d, 4d}, e2d ∶= {2d, 5d}, e3d ∶= {3d, 6d},

None

e4d ∶= {4d, 5d}, e5d ∶= {5d, 6d}.
Extended and new cliques of γ(M, d)
¯ 3d,
¯ 1d′ , 0d, 2d′ }
q̂2d¯ ∶= {2d,
¯ 0d, 2d′ , 3d′ }
q̂ ¯ ∶= {3d,

Required conditions

¯ d¯ z d′
∀d,
¯ d¯ z d′
∀d,

3d

d is non-terminal

q̂1d′ ∶= {1d′ , 0d, 2d′ , 1d′′ }

d z d′ z d′′
q0d ∶= {0d, 2d′ , 3d′ , 1d′′ }
Table 1. Cliques of γ0 (M ) and of γ(M, d) and the conditions for
their existence.

3d′

3d

3d′′

F
B

2d

2d′

E
A

D/D̄

C/C̄
1d

1d

′

2d′′
G

′′

1d

1d′′′

Figure 6. Cliques of γ(M, d) adjacent to q0d .

Assume first that q0d ∈/ Q. Then P ∶= {(q − {0d}) ∶ q ∈ Q} is a set of mutually
intersecting cliques of γ0 (M ). Since γ0 (M ) does not have neckties (by Theorem 2.7
and Lemma 4.9), it follows that ∩P ≠ ∅, and hence ∩Q ≠ ∅ also, a contradiction.
If follows that q0d ∈ Q.
The other cliques of γ(M, d) intersecting q0d are: q̂2d¯ and q̂3d¯ (for each d¯ z d′ );
q̂1d¯′ and q2d¯′ (for each d̄′ z d′′ ); and also q3d′ and q1d′′ . To improve the readability of
the subsequent case analysis, we prepared the following propositions (see Figure 6):
A: q0d ∈ Q.
B: q̂2d¯ ∈ Q for some d¯ z d′ .
C: q̂1d′ ∈ Q.

C: q̂1d¯′ ∈ Q for some d̄′ z d′′ with d̄′ ≠ d′ .

D: q2d′ ∈ Q.

D: q2d¯′ ∈ Q for some d̄′ z d′′ with d̄′ ≠ d′ .
F : q̂ ¯ ∈ Q for some d¯ z d′ .

E: q3d′ ∈ Q.

3d

G: q1d′′ ∈ Q.
Then, we already know that A, and we have that A ∧ F ∧ E implies 3d′ ∈ ∩Q
(a contradiction) since any other clique intersecting q0d , q̂3d¯ and q3d′ , also contains
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3d′ . Similarly we have:
A ∧ F ∧ (B ∨ C) ⇒ 2d′ ∈ ∩Q.
Therefore we conclude that ¬F (since we know that A and since, by the maximality
of Q, we have that A∧F ⇒ (A∧F ∧E)∨(A∧F ∧(B ∨C)) ⇒ (3d′ ∈ ∩Q)∨(2d′ ∈ ∩Q)
a contradiction). Moreover:
A ∧ B ⇒ 2d′ ∈ ∩Q.
A ∧ C ⇒ 2d′ ∈ ∩Q ∨ 1d′′ ∈ ∩Q.
A ∧ C ⇒ 1d′′ ∈ ∩Q.
It follows that ¬(F ∨ B ∨ C ∨ C). Now, we also observe that:
¬(D ∨ G) ⇒ 3d′ ∈ ∩Q and
¬E ⇒ 1d′′ ∈ ∩Q.
We conclude that A ∧ E ∧ (D ∨ G) and also, by the maximality of Q, that A ∧ E ∧
D ∧ (D̄ ∨ G). This last proposition characterizes Q and hence we have that:
Q0d = {q2d¯′ ∶ d¯′ z d′′ } ∪ {q0d , q3d′ , q1d′′ } when d′ z d′′ z d′′′ , or
Q0d = {q ¯′ ∶ d¯′ z d′′ } ∪ {q0d , q2d′ , q3d′ } when d′ z d′′ z
/ d′′′ and d′ ≠ d̄′ z d′′ ,
2d

as claimed. Finally, note that the above conditions for the existence of Q are
equivalent to: d′ is non-terminal. The precondition d z d′ is necessary even for 0d
to exist.

Lemma 4.14. d z d′ implies K 2 (γ(M, d)) ≅ γ(M, d′ ). Otherwise (d z
/ d′ for all
′
2
d ), K (γ(M, d)) ≅ γ0 (M ) = γ(M, d).
Proof. When d z
/ d′ for all d′ , d is terminal and then, by definition, γ(M, d) =
γ0 (M ). By Lemma 4.9 we have γ(M, d) = γ0 (M ) ≅ K 2 (γ0 (M )) = K 2 (γ(M, d)) as
claimed.
When d z d′ , but d is still terminal, so is d′ and hence γ(M, d′ ) = γ0 (M ) ≅
2
K (γ0 (M )) = K 2 (γ(M, d)) as claimed.
Now suppose that d z d′ , d non-terminal, but d′ is terminal. Now the vertex
0d does exist, but, by Lemma 4.13, Q0d does not. Hence K 2 (γ(M, d)) ≅ γ0 (M ) =
γ(M, d′ ) as claimed.
Assume from now on, that d z d′ and that d′ is non-terminal (then d is also nonterminal). Observe that the vertex 0d is always dominated by 2d′ . By Lemma 4.13,
there is exactly one necktie Q0d . Note that this necktie does not contain any star
xd∗1 . By Lemma 2.6(7), it follows that every xd∗1 (with xd1 ≠ 0d) is a clique of
cliques of γ(M, d), and since 0d is the only dominated vertex (by Remark 4.10),
all these stars xd∗1 are different by Lemma 2.6(5). Moreover, by Lemma 2.6(8),
all the stars induce in K 2 (γ(M, d)) a subgraph isomorphic to γ0 (M ). It follows
that K 2 (γ(M, d)) can be obtained (up to isomorphism) by adding exactly one
vertex (namely Q0d ) and its adjacencies to γ0 (M ). Now (see Figure 4) note that
∪Q0d = {xd̄′ ∶ x ∈ {2, 3}, d̄′ z d′′ } ∪ {0d, 1d′′ , 2d′′ , 3d′′ , 1d′′′ } = Nγ(M,d′ ) (0d′ ) ∪ {0d} (if
the vertex 1d′′′ is not present simply drop it from the formula). Then, for xd1 ≠ 0d
the adjacencies of Q0d in K 2 (γ(M, d)) are given by Q0d ∼ xd∗1 ⇔ ∃q, q ∈ Q0d ∩ xd∗1
⇔ ∃q, xd1 ∈ q ∈ Q0d ⇔ xd1 ∈ ∪Q0d ⇔ xd1 ∈ Nγ(M,d′ ) (0d′ ) ⇔ xd1 ∼ 0d′ in γ(M, d′ ).
Hence, it follows that K 2 (γ(M, d)) ≅ γ(M, d′ ).
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Lemma 4.15. For all d and a ≥ 0 there is some d1 with d z d1 such that
a
K 2a (γ(M, d)) ≅ γ(M, d1 ). Moreover, when d1 is non-terminal, we have d z d1
b

and when it is terminal, we have d z d1 for some b ≤ a.
a

Proof. If there is a d1 such that d z d1 then, by iterated application of Lemma 4.14,
we have K 2a (γ(M, d)) ≅ γ(M, d1 ). Note that in this case, d1 may or may not be
terminal.
b
Otherwise, there is some b < a and some d1 with d z d1 and such that d1 z
/ d2
for any d2 . In this case d1 is terminal and γ(M, d1 ) = γ0 (M ) by definition of
γ(M, d1 ), (Definition 4.6). Hence, by Lemmas 4.14 and 4.9 we have K 2a (γ(M, d)) =
K 2a−2b (K 2b (γ(M, d))) = K 2a−2b (γ(M, d1 )) ≅ K 2a−2b (γ0 (M )) ≅ γ0 (M ) = γ(M, d1 ).

Lemma 4.16. If K n (γ(M, d)) ≅ K m (γ(M, d)) for some n < m, then K 2b (γ(M, d)) ≅
K 2a (γ(M, d)) for some b < a.
Proof. By Lemma 4.15, for every natural number c, there is some d1 such that
∗
d z d1 and K 2c (γ(M, d)) ≅ γ(M, d1 ). This graph have many vertices whose neighborhoods are isomorphic to an edgeless graph on 3 vertices (those of the form
5d2 ∈ V (γ(M, d1 )). A direct examination of the cliques of γ(M, d1 ) (see Figure 3(d),
also consider the extra clique q0d = {0d, 2d′ , 3d′ , 1d′′ } in Figure 4) and their intersections, shows that K 2c+1 (γ(M, d)) ≅ K(γ(M, d1 )) does not have such vertices. It
follows that K n (γ(M, d)) ≅ K m (γ(M, d)) is only possible when n and m have the
same parity. Therefore, K 2b (γ(M, d)) ≅ K 2a (γ(M, d)) for either 2b = n < m = 2a
or 2b = n + 1 < m + 1 = 2a.

Lemma 4.17. If K 2a (γ(M, d)) ≅ K 2b (γ(M, d)) for some b < a then K 2a (γ(M, d)) ≅
γ0 (M ) ≅ K 2b (γ(M, d)).
∗

∗

Proof. By Lemma 4.15, there are d1 and d2 with d z d1 , d z d2 and such that
K 2a (γ(M, d)) ≅ γ(M, d1 ) and K 2b (γ(M, d)) ≅ γ(M, d2 ).
By Lemma 4.14 if d1 or d2 was terminal, we would have either γ(M, d1 ) = γ0 (M )
or γ(M, d2 ) = γ0 (M ) and the result follows.
Assume now that d1 and d2 are non-terminal, then by Lemma 4.15, we have
a

b

d z d1 and d z d2 . These d1 and d2 , can not be equal, because the timestamps
must be different: if d = ts, d1 = t1 s1 and d2 = t2 s2 then we must have t1 = t + a >
t + b = t2 . Hence, by Lemma 4.11, we get K 2a (γ(M, d)) ≅ γ(M, d1 ) ≇ γ(M, d2 ) ≅
K 2b (γ(M, d)), a contradiction.

Lemma 4.18. M halts on input w if and only if λ(M, w) ∶= γ(M, 0q0 w) is cliqueconvergent.
Proof. Recall that the starting configuration for M on input w is 0q0 w (subsection 2.4). We shall show that the following propositions are equivalent:
(1)
(2)
(3)
(4)
(5)

M halts on input w.
∗
0q0 w z d for some terminal d.
K 2b (γ(M, 0q0 w)) ≅ γ0 (M ) for some b ≥ 0.
K 2a (γ(M, 0q0 w)) ≅ K 2b (γ(M, 0q0 w)) for some b < a.
λ(M, w) ∶= γ(M, 0q0 w) is clique-convergent.
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(1)⇔(2) By definition, M halts on input w if and only if 0q0 w z d for some
halting (timestamped) configuration d (subsection 2.4). By definition of terminal
configuration (Definition 4.5), every halting configuration d is terminal, and every
terminal configuration is either a halting configuration or there is some halting
configuration d′ with d z d′ . It follows that M halts on input w if and only if
a
0q0 w z d for some terminal configuration d and some integer a ≥ 0.
(2)⇔(3) By iterated application of Lemma 4.14 and the definition of γ(M, d)
b

(Definition 4.6), we have that 0q0 w z d and d terminal implies K 2b (γ(M, 0q0 w)) ≅
γ(M, d) ≅ γ0 (M ). Conversely, by Lemma 4.15, K 2b (γ(M, 0q0 w)) ≅ γ0 (M ) implies
∗
that there is some d with 0q0 w z d and γ(M, d) ≅ K 2b (γ(M, 0q0 w)) ≅ γ0 (M ), then
d is necessarily terminal (by Definition 4.6).
(3)⇔(4) (3) implies (4) with a = b + 1 by Lemma 4.9. (4) implies (3) by
Lemma 4.17.
(4)⇔(5) This follows by definition of convergence and by Lemma 4.16.

Hence we conclude that the first statement of Theorem 1.2 is true because of
Lemma 4.18 and Remark 4.8. The second statement is an immediate corollary of
the first, and the third statement follows by Remark 4.10.
This concludes the proof of Theorem 1.2.
5. Concluding Remarks
We have shown that clique-convergence is undecidable for automatic graphs. A
number of consequences can be drawn. For instance, when the graphs we used
here do converge, they converge to a 2-cycle of clique-Helly graphs (as defined in
[19]: K n (G) ≅ K n+2 (G) where both, K n (G) and K n+1 (G), are clique-Helly). Thus
the problem of deciding whether a graph is eventually clique-Helly (i.e. K n (G) is
clique-Helly for some n) and the problem of deciding whether a graph is eventually
2-self-clique (i.e. K n (G) ≅ K n+2 (G) for some n) are equivalent to the cliqueconvergence problem in the class AG 0 . In particular, these problems are undecidable
for any class containing AG 0 . The clique-divergence problem is then also obviously
undecidable for automatic graphs. The same is true for the problem of recognizing
eventually self-clique graphs (i.e. K n (G) ≅ K n+1 (G) for some n):
Theorem 5.1. The problem of deciding whether a given graph is eventually selfclique is undecidable for automatic graphs.
Proof. We shall freely use the notation and results of the previous section.
The required reduction from the halting problem, δ ∶ T MW → AG, is given by
δ(M, w) = λ(M, w) ⊠ K(λ(M, w)). Note that δ(M, w) is indeed automatic: strong
products of automatic graphs are automatic and the clique graphs of our graphs in
AG 0 are easily describable as automatic graphs, and the corresponding automata
can be effectively computed from those of λ(M, w).
It is well known that the clique operator distributes over the strong product,
that is, K(A ⊠ B) ≅ K(A) ⊠ K(B) (the proof in [16] is valid for infinite graphs).
Also, connected graphs factorize in a unique way with respect to the strong product
(up to repetitions of trivial factors) [10]. Moreover, each connected component of
γ(M, d) contains vertices (namely those of the form 5d1 ) whose closed neighborhood
is isomorphic to K1,3 (the complete bipartite graph with 1 vertex in one part and
3 vertices in the other). Since K1,3 is no non-trivially factorizable, γ(M, d) is also
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no non-trivially factorizable. The same can be said about K(γ(M, d)), since the
closed neighborhoods of the cliques of the form {5d1 , 6d1 } in K(γ(M, d)) are also no
non-trivially factorizable. Hence, it follows that the (essentially) unique factorization of K n (δ(M, w)), for even n, is K n (δ(M, w)) = K n (λ(M, w) ⊠ K(λ(M, w))) ≅
∗
K n (λ(M, w))⊠K n+1 (λ(M, w)) ≅ γ(M, d)⊠K(γ(M, d)) for some d, with 0q0 w z d.
∗
If M halts on w, d is terminal for some d satisfying 0q0 w z d. Hence, γ(M, d) =
γ0 (M ) and
K n+1 (δ(M, w))

= K(K n (δ(M, w))) ≅ K(γ(M, d) ⊠ K(γ(M, d)))
≅ K(γ0 (M ) ⊠ K(γ0 (M ))) ≅ K(γ0 (M )) ⊠ K 2 (γ0 (M ))
≅ K(γ0 (M )) ⊠ γ0 (M ) ≅ K n (δ(M, w))

and thus, δ(M, w) is eventually self-clique.
Reciprocally when δ(M, w) is eventually self-clique we have K n (δ(M, w)) ≅
n+1
K (δ(M, w)). Assume without loss that n is even, then γ(M, d) ⊠ K(γ(M, d)) ≅
∗
K(γ(M, d)) ⊠ γ(M, d1 ) for some d, d1 with 0q0 w z d, and either d z d1 or d is a
halting configuration and d1 = d. But this is possible only when d is terminal, and
hence when M halts on w.
It follows that M halts on w if and only if δ(M, w) is eventually self-clique. 
We point out that Theorem 1.2, can be strengthened in a number of ways, by
redefining λ to reduce the class AG 0 . For instance, it is easy to amend the digraph
of timestamped configurations D to reduce its in-degree to at most 2 (adding extra
vertices). This allows us to claim that the clique-convergent problem is undecidable
even for automatic graphs with maximum degree at most 10. Similarly, we may
restrict the graphs in AG 0 to be connected (adding extra edges between connected
components, not forming triangles), with exactly one “exit point” (connecting all
halting vertices in D with a (perhaps one-way-infinite) directed path), etc.
Thanks to Theorem 2.4, our Theorem 1.1 implies that:
Theorem 5.2. The clique-convergence property is not first-order expressible for
automatic graphs.
◻
Moreover, in view of the generalization of Theorem 2.4 which appeared in [12,
Theorem 3.2], the clique-convergence property is also not expressible when we extend the first-order logic to include several generalized quantifiers, including ∃∞ ,
∃(k,m) and ∃k−ram . Also, the Theorem remains valid when we extend the first order
logic to include the restricted second-order quantification allowed in FSO [12].
Which in turn, begs the question: Is clique-convergence first-order expressible
for finite graphs? Is it expressible in FSO?
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